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Mechanical systems with friction constraints are usually reduced to
systems with ideal constraints by supplementing the given forces by
frictional forces and by adding certain relations obtained from empirical
laws of friction. These laws can have various forms, depending on the
nature of the constraints within the system, but they always have certain
features in common. A general theory of motion of systems with friction
was developed by Painlevé-[11].

A direct application of Lagrange’s method makes 1t possible to
establish a general principle, even for systems with friction, that does
not involve explicitly the constraint reactions. This so-called Euler-
Lagrange principle was established by Appell [ 2] for displacements
admissible by frictionless constraints which are orthogonal to the re-
actions of surfaces with friction. Chetaev [3 ] formulated this princi-
ple for admissible displacements that are orthogonal to the actual velo-
cities of the points of the system,

0f special interest is the problem on the extension of another basic
principle of mechaniecs, the principle of least constraint of Gauss, to
systems with friction. The work [ 4 ] of Pozharitskii is devoted to this
problem, By considering a system in which certain points are constrained
to slide with Coulomb friction along given surfaces, and by assuming the
knowledge of the normal components of the reactions of the latter,
Pozharitskii proved that for the actual motion of such a system it is
sufficient that a certain expression involving the forces of friction
has to attain a minimum with respect to accelerations. It should be
noted that the problems in which the normal reactions do not depend on
friction must be considered as the more restricted ones and as the more
simple ones [2 ]; in the more general cases, the normal reactions de-
pend on the coefficlent of sliding friction. Besides that, the experi-
mental laws of friction can differ from Coulomb’s law, There exist also
large classes of systems with non-ideal constraints which fall into the
general definition of systems with friction according to Painlevé.[1 ].
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It seems that the gquestion on the extension of the principle of Gauss to
general systems with friction has not yet been considered, even though
the solution of this problem is of certain interest,

In this paper it is assumed that Painlevé’s definition of systems with
friction is applicable under any experimental laws of friction. An ex-
tension of Painlevé’ s results to nonholonomic systems is given. Further-
more, Gauss's principle is established for such systems in two forms:
with explicit inclusion of the friction forces, and, what is more
interesting, without the explicit involvement of the forces of friction,
The equations of motion of the system with friction are derived from
Gauss’ s principle.

1. Let us consider a system of n material points P, with masses m,
whose positions relative to a fixed coordinate system are given by the
Cartesian coordinates

xwy\hzv ('V:]....,n)

Suppose that the given forces F,(X,, Y, 2;? act on the points P,
and that there exist certain geometric constraints

ja. (IL‘, Y, 2, t) = (d:l,...,pﬂ (1.1)
and also kinematic {in general, nonlinear) relations
o (z. 92, 2,y,2,0 =0 B=1,...,p) 1.2)

where‘xv’, ¥,"s 2,7 - denote the projection vectors of the velocity of the
point P,. The connections (1.1) and (1.2) are assumed to be independent
of the given forces, and of each other.

Differentiating (1.1) with respect to time twice, and Equations (1.2)
once, we obtain

Z (asv®,” 4+ bovlty” + CouBy") -+ 65 =0 (s=1,...,pPp=p+py (1.3

where a,,, &sv{ Covs €4 are’know? funct1ons'of the coordinates x,, ¥y, 2,
and the velocities x,”, y,”, z,” of the point P, (v =1, ..., n), and
of the time t.

The possible displacements 8r,(3x,, 8y,, 8z,) of the points P, are
determined by p independent relations

DV (@g 874 -+ boy BYy + oy 624) = 0 (s=1,...,p) (1.4)

Thus, among the 3n changes of the coordinates of the points of the
system there will be k = 3n -~ p independent and p dependent ones. Equa-
tion (1.4) makes it possible to express the dependent variations in
terms of the independent ones.
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Suppose that by relations (1.1) the state of the system is determined
by means of ! = 3n - p independent Lagrangean coordinates q;, ..., q;

m'v:xv(Qh...,QI,t), y\.:yu(m,---,qnt), zv=zv(q1!~-°vql,t)
(v==1,..., n) (15)

whose variations are, in view of the constraints (1.2), connected by p,
equations

! oz, dy, s, )
IDACE T R L B SR,

=1 v '
Expressing, by means of the last equations, the p, variations
Sql-up2+-1’ ..., 8qy in the form of linear homogeneous functions of the

k remaining independent variations 8g,, ..., g, and substituting the
found expressions into the relations

1
dx, = 23
=1

i

dx, L oay, Loz, (1.8)
6(;} 69’3, 53;’\; \_—32{ g{};“ 6?3, 637 = 2@6({3 (v=1,... .1

we can express the latter in the form

k k k
6.’1’}‘, = Z Aviéq'iy 6yv = EBViéqi; (SZV = ch;é(]i (ve=d, o, m) (17)
i=1

i=1 it

Here 4, ,, B, C,; are functions of the coordinates ¢y, ..., q;, of
their derivatives q;”; ..., q;; and of time t; the variations d8q;, ...,
8q, are arbitrary.

The constraints imposed on the system depend on the physical nature
of the system. Hence the characteristic features of the constraints can
be reduced to certain axioms which express the experimentally determined
relations. In case of ideal constraints, such an axiom is given by the
equation

P(Byedr, - By, -+ R,,82,) =0

i.e. the sum of the elementary work of the constraint reactions R,(R,,,

, sz) is equal to zero for every possible displacement of the system,
whatever the position, the velocities, and the given forces F, may be at
the given moment. If, however, the sum of the elementary work of the con-
straint reactions for all possible displacements of the system is not
always equal to zero, then the given system is a system with friction

[11.

Painlevé- has studied holonomic system with friction, but many of his
results can easily be extended to the case of nonholonomic systems with
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friction. We shall derive some of these extensions with their con~
sequences,

It is easily seen that if the sum of the elementary work of a system
of forces F,_, F;y, FL; for every possible displacement of a system is
to be zero, then it is sufficient and necessary that the following equa-
tions hold:

-

P v
Fop= Z hettey, F.p= 2 hbgw, Fop= 2 ACsy v=1,...,n (1.8)

8- &--1 §=cl

ot

where A are coefficients that are the same for all points of the system.
Let us prove this assertion.

Sufficiency. If Equations (1.8) hold, then
NU(F 80, - Foy by, - Flpd2,) =0
in view of Equation (1.4).

Necessity. Suppose the last relation holds. Then for every possible
displacement it is true that

E“R\ zkmp1~f"“EK&J®“+&E—EHQJM%$O

K4

with still undetermined A . By determining them in such a way that the
coefficients of p dependent variations 8x, 8y, 8z vanish in this equa-
tion, we obtain a sum which contains only k independent variations. Thus
we obtain the 3n equations (1.8).

We next consider the constraint reactions R, (v = 1, ..., n) whose
sum of elementary work for all possible displacements is r £ 0.

Obv1ously, there exists an infinite number of systems of forces
R'(R,7, Ry R,’) which have the property that for all possible dis-

placements

N(RLBx, + Ry by, 4+ R 8z,) =7

In order that this may be true it is necessary and sufficient, on the
basis of our proof, that
Rv,x = ]{vx ”}* Y‘ }\:s”svy I{/;l = Rv]/ "}" 2 }“sbsvy Rv’z = RVZ ‘I“'ZASC&V
5 8 8
Among these systems of forces R, there exists one, and only one,
PPy g Puy Py, )} such that the vectors pdt determine some possible dis-
placement 3t the system 8r, (v = 1, ..., n).

Let us note first that if for every possible displacement
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Sesdr, =80, =0

then all p, = (v =1, ..., n). Furthermore, suppose that for every
possible displacement

2(pvx5xv 4+ pwbys +py:dz) = Z(R,,\.éxv + R, 8y, + R,,82,)
Substituting into this equation dx,, Jy,, 8z, from (1.7) we obtain,
because of the independence of the 8g; (i ='1, ..., k), the following k

equations:

2(pvavi +vaBv1 + Pvzcvi) = Z(vaAvi -+ Rvvai - szcvi) i=1,...,k)

v

which we combine with the p equations

Z (vaasv 4 Pvybsy -+ Puilav) = v (s=1,..., p)

v

We thus obtain 3n linear nonhomogeneous equations for the 3n unknowns
Pyg Puy Py The determinant of this system of equations is not equal
to zero, because in the opposite case the system of the corresponding
homogeneous equations would have a nontrivial solution; in other words,
there would exist a system of forces p,, # 0 for which

2 Pvérv = 01
which, as was pointed out above, is impossible. Hence, there exists one
and only one system of quantities p (v =1, ..., n) which has the

specified properties. On the basis of what has been said it is clear
that the force of reaction R, acting at the point P, can be decomposed
uniquely into two forces N, and p, having the following properties:

1) for every possible displacement dr,
SIN,8r, = 0 (1.9)
2) the vectors pdt are among the possible displacements, and

Dpdr, =1

The force N, is called the constraint force, the force p,, is the
friction force; their projections on the coordinate axes have the
following forms:

» ¥4 r
N, = Z)"sasw va = Z Ksbs,,, N,, = 2}\'36@1

8=1 8=1 8=1

(1.10)
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k k k
Pux = 2 ”‘iAviy Pvy = 2 Mtii: Puz = Z p‘icvi
i=1 i=)

i=1

with the same coefficients A and p; for all points of the system. We
call attention to the fact that the constraint force is, in general, not
equal to the normal reaction[11].

If at a given time instant t we know the positions and velocities of
the points of the system, and also the given forces F, (x,, y,, z,), then
the constraint forces N, are determined and will be the same whether
there be friction in the system or not.

Indeed, the equations of motion of the points can be written in the
form

mv:rv” = Xv + Z}‘fsasv + EPlAvi
my,” = Y, .-}_lebsv —}—Eprvi (v=1,..,n) (1.11)

mvzv” = Zv —I— Z A’scsv —}— Zpic"i
s i

Substituting the accelerations x”, y”, z” given by these equations
into the constraint equations (1.3), we obtain a system of p equations
which do not contain the forces of friction, and which determine the co-

efficients A; (s = 1, ..., p) as functions of time, of the coordinates
and the velocities of the points, and also of the given forces X, Y,,
Z,.

Vv

Therefore, for a frictionless system, a knowledge of the given forces
F, with given initial conditions is completely sufficient for the deter-
mination of the motion of the system and of the forces of constraint re-

actions N,.

For the determination of the motion of a system with friction, it is
necessary to know, in addition to the given forces, also the friction
forces or, at least, the sum of the elementary work of the reactions for
possible displacements.

The friction forces are determined experimentally. Therefore, in the
study of the motion of a system with friction one must know, in addition
to the given forces, in general also the expressions for the coefficients
#; in terms of the A, ¢°, 9;°/ t° The form of these k functions is
determined empiricalfy [11].

For the initial conditions ¢;°, ¢.°; t°which correspond to static
friction and satisfy certain relations of the form
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hx (g5 9,2 1) =0 (e=1,...,m) (1.12)

the functions mentioned are not sufficiently determined. For such initial
conditions, the coefficients p; are continuous functions of X, Y, Z,
which may have various forms, depending upon whether or not the func-
tions X,, Y, Z, satisfy certain inequalities [1] that depend on the
particular values qj°, qj°f-t° under consideration

One says [1 ] that the law of friction is known if the experimental
data determine the coefficients p; in the functions A for arbitrary
initial conditions, and in the functions X,, Y, Z, for special initial
conditions satisfying the relations (1.12).

If one has the given expressions for the p; (i =1, ..., k), one can
replace the A (s = 1, ..., p) in them by values obtained by the above-
indicated method, and represent the coefficients of p; in the form of
some functions of time, of the coordinates and velocities of the points
of the system, and also of the given forces. It follows that the fric-
tion forces will also become known. They will be determined by Formulas
(1.10) as functions of the indicated quantities.

Thus, if the law of friction is known, we have 3n equations (1.11)
for the description of the motion of the system. To these equations we
must attach the p constraint equations (1.11), (1.12) and k auxiliary
relations obtained from the law of friction.

2. Let us suppose that the law of friction for a given system is
known. According to D’'Alembert’s principle there exists at every instant
of time ¢ an equilibrium between the given forces F,, the constraint re-
actions R, =N, + p,, and the inertia forces m,w,

Fy+ N, 4 py—myw, =0 v=1,...,n) 2.1

”

Here w,(x), yJ, z]) is the acceleration vector of the point P, in the
actual motion of the system.

If the system undergoes an arbitrary displacement, then the sum of
the elementary work of all forces will be equal to zero. From this and
the condition (1.9) we obtain the equation

Z {(Xv + va - mvxv”) 6xv + (Yv + va - mvyv”) 6yv +
v (2.2)
+ (Zv + Pv: — mvzv”) ézv} =0
which states that in the motion of a system with friction the sum of the

elementary work of the given forces, the frictional forces, and the
forces of inertia for every possible displacement, is equal to zero at
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any instant of time. Conversely, if for some motion of a constrained
system Equation (2.2) is satisfied, then one can deduce Equation (2.1)
by adding the equations (2.2) and (1.9), and by making use of the axiom
of a free body.

One can, therefore, consider Equation (2.2) as the general equation
of dynamics for systems with friction, i.e. as the equation which yields
the necessary and sufficient condition for a motion of the system that
is compatible with the constraints and the given forces acting under a
known law of friction within the given system.

Comparing Equation (2.2) with the Fuler-Lagrange principle for a
system without friction (2.3)

n

S{(X—ma,) 82, + (¥, — mg.”) 8y, + (Z, — mis’) 82} = 0

v=1

we see that a system with friction can be treated as a frictionless
system if one adds to the given forces F, (X, Y, Z,) new active forces
which are geometrically equal to the friction forces py(pyz, Pyy Py

Starting with Equation (2.2), it is not difficult to obtain by the
usual method [2 ] another basic principle of mechanics, the principle of
least constraint of Gauss for a system with friction. This principle can
be formulated in the following manner.

The motion of a system of material points with friction constraints
and subjected to arbitrary forces takes place with the smallest possible
constraint [ curvature ] .at any instant of time if one takes as the
measure of constraint, applied during an infinitesimal time interval,
the sum of the products of the mass of each point by the square of its
displacement from the position which it would occupy if it were free and
acted upon by the given forces and by forces geometrically equal to the
frictional forces.

Let Yu(yv;' Yoy Yy ) be the acceleration vector of the'point P, of a
system that moves in the sense of Gauss, i.e. it has a motion that
satisfies the conditions imposed on a constrained system, and the condi-
tions of the constancy of the coordinates x,, y,, z, and the velocities
z,’s ¥,%> 2,°-of the system’s points for the given instant of time t.

It is easy to see that the vectors w,, y, are among the possible dis-
placements 8r, of the system[5 ], i.e. they satisfy

2 [as (2" — Yvx) + b 0" — '}’vy) 4 Coy (2 — i) = 0 (s=1,..,p) (2'4)

According to Gauss’'s principle, the actual accelerations of the
points of a system with friction yield a minimum of the function
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(2.5)
Z, 10z W\l
]

—_—Zy
m,

4 Y‘ [/ Xv+pvx “”\2 ‘(YV+pV - ”\2 | (
A=g2m \—p—"— o) F\—p— =)+

and, conversely, the conditions that 4 be a minimum for accelerations
satisfying (1.3) lead to the equations of motion of the system. Indeed,
from Equation (2.5) we obtain

—84 =2 {(Xy Fpux — ma) 82" + (Vs +puy — my') 89" +
v +(Zy +pv: — mz,") 82, =0
Here
0z,"= 2" — Tvxr O =" —Tw» 02" =2 —7,,

Multiplying Equation (2.4) by the undetermined factors A,, adding the
results for s from 1 to p, and combining the sum with the last equation,
we obtain the equations of motion of the system

mvxv”= Xv +Z7Vsasv +p vxy mvyv” = Yv +2| A'sbs\! +pvy
m2," =Z, + Nhsy +pu: (v=1,...,n)

These equations should be augmented by the p constraint equations (1.1)
and (1.2), and the k auxiliary relations given earlier.

The equations of motion of a system with friction can also be given
in the form of Appell’s equationms.

Differentiating (1.5) twice with respect to time t, and replacing the

ql_”p2+ 1+ +++» qp” on the right-hand sides by their expressions in terms
of q,” ..., q;” obtained from Equations (1.2), we obtain
k k
xv”=2Aviqi”+---: yv”=ZBviQi”+-~
i=1 i=1

k
2" =0Cuig" +...
im1

Here, and in the sequel, the dots indicate independent terms that do
not involve ¢,” ..., q;”

Making use of the last formulas, we can express (2.5) in the form

k k
=8(q"s ..o @) = Qa'— X Digl 4 ...
im1 o1
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where S denotes the energy of acceleration
1
S=:2m (@ 49" 2"
given in the indicated way as a function of q,”, ..., ¢;"and

0s = N (X, Ay +Y.By +2.C.)

(Di = E (pvavi +pvvai+psz‘ai)

denote generalized given forces and frictional forces.

From the condition that the function A attain its minimum for the
accelerations ¢q;”, ..., g,” we obtain Appell’s equation

a8 .
g7 = Qi+ O (=1, ... .K)
for a system with friction.

3. Expression (2.5) for the deviation of A contains explicitly the
frictional forces, i.e. the components of the constraint forces. However,
what is more interesting is the establishment of Gauss’s principle for a
system with friction without the explicit appearance of the frictional
forces in the constraint function.

The possible displacements of a given system with friction are deter-
mined by Equations (1.4). In many cases it is possible to select from
the family of possible displacements certain ones for which the
frictional forces perform no work.

Indeed, adhering to the hypothesis that we know the law of friction,
let us assume that among the possible displacements there is one which
satisfies the conditions

pvxaxv +pvu6yv +pvzézv =0 (v=1,..,n) (3.1)

For the existence of such not identically vanishing displacements it
is necessary and sufficient that the rank of the matrix of the coeffi-
cients of the p + n equations (1.4) and (3.1) be less than the number 3n
of the variations 8x,, 8y,, 8z, (v =1, ..., n), or, what is the same
thing, that k > n.

It is obvious that for these displacements

N (Roxd2, + Ry, + R.,02,) =0 (3.2)

v

The set of the possible displacements, satisfying the conditions
(3.1) will be called, for the sake of brevity, (c)-displacements [31].
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For arbitrary (c)-displacements Equation (2.2) takes on the form
QX = mz) 8z, + (Vs — my") 8o+ (£ — m, /") 82, =0 (3.3)

The constraint reactions do not enter into this equation, and it
plays the role of a principle for a system with friction, analogous to
the Euler-Lagrange principle.

Let us now proceed to the establishment of a principle of Gauss's
type by starting with Equation (3.3). Among the acceleration vectors y,
of the point P, we select vectors y;,© such that the vectors w, -y, are
among the (c)wdlsplacements, i.e. satisfy the conditions

PordT,” 4 P8y, - puas =0 (v=t, ..., n) (3.4)
where
‘6.’]9\;”% xvr/_ ‘f\.s 6?] — yv — .,1’,1 6Zv”= Zv”""‘ vcz

For such possible [ virtual ] (c)-motions Equation (3.3) takes on the

form
va {(ﬂ: —,—n—>(xu —r3) + (" :; ) x

X @ —xs }+(zy ——f«><zv }

which can easily be expressed in the form

AwYc + va —— Au'ycm O

- %Ev}znv [(:cv” —%)2+ (y»" “%Y +(& “él)“]

v

where

denotes the degree of deviation (the constraint) of the actual motion of
the system with friction from the actual motion of the system freed from
all connections: in an analogous manner one can determine A’yc and A”7°

From this equation we obtain two inequalities

Aw,fc< Apye, Awy < Avyc (3.5)
Thus, we have proved the following theorems.

1. The deviation of the actual motion (w,) of the system with
friction from a possible (c)-motion is less than the deviation of the
latter from the motion of the system freed from all connections.

2. The deviation of the actual motion of the system with friction
freed from all constraints is less than the deviation of the latter from
the possible [ virtual 1 (c)-motion.
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It follows from this that at every instant of time the actual accele-
rations of the points of a system with friction cause the first varia-
tion of the constraint

fim B {4 (= (2]

to vanish if &x,% 3y," 8z,”(v = 1, ..., n) satisfy the conditions
(2.4) and (3.4).

In other words, Gauss’s principle for a system with friction can be
formulated in the same way as for a frictionless system if one takes
into consideration only possible {¢)-motions.

The equations of motion of a system with friction can be derived from
Gauss’s principle in the new form in the usual manner [2].
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